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Fig. 3 Pressure distributions and shapes of design and target
airfoils.

directional searches. The parallel optimization scheme used
central-difference estimations of the derivatives for the calcu-
lation of each component of the gradient vector. The sequential
optimization scheme first attempted forward-difference esti-
mations of the derivatives because less objective function eval-
uations were required. When the directional search used by
QNMDIF did not reduce the objective function based upon the
forward-difference estimation of the gradient, QNMDIF then
recomputed central-difference estimations and conducted ad-
ditional directional searches. This resulted in great inefficien-
cies for the sequential airfoil design test case.

The parallel line search was more efficient in reducing the
objective function than the sequential line search. The mini-
mum variation for the directional search was determined by
the value of the estimated machine precision, and the maxi-
mum variation of the thickness was set to 1% chord to ensure
only small perturbations of the airfoil shape. The sequential
line search evaluated a maximum of eight objective functions
in each direction of search. The parallel line search was more
thorough than the sequential search because it evaluated 16
objective functions in the direction of search including the
maximum and minimum points.

The final shape of the design airfoil using PARQNM is
shown with the NACA 0012 target airfoil with their resulting
pressure distributions in Fig. 3. The design airfoil’s shape is
nearly identical to the target airfoil from the leading edge to
the point of maximum thickness where the greatest changes in
pressure occur.

Conclusions

This work applies recent advances in parallel supercomput-
ing technology to an intuitively parallel problem. Through the
use of parallel supercomputers, applications of optimization
methods based upon gradient methods are faster and more ef-
ficient. The parallel optimization routine performs second-or-
der-accurate gradient estimations and more thorough direc-
tional searches in parallel that increases the speed and the
efficiency of the quasi-Newton routine. For the particular case
of airfoil design via optimization that requires multiple cal-
culations of expensive objective functions, the utilization of
the parallel quasi-Newton routine can result in design solutions
many times faster than with a sequential optimization routine.
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Introduction

HE two available formulas for calculating induced drag

for a thin wing differ in their physical concepts. One is
called the near field and the other is the far field. Since both
equations agree with each other in the thin wing theory, in-
duced drag calculations by these formulas have been used to
examine numerical planar lifting-surface methods."” Most of
these lifting-surface methods have only demonstrated the
agreement of two kinds of induced drags, but have not ad-
dressed the accuracy of predicted induced drags. For example,
Wagner’s result for a variable-sweep wing shows a good
agreement, but its predicted distribution for the sectional in-
duced drag is excessively wavy.’ Until now, analytical verifi-
cations have been unavailable for even a circular wing in in-
compressible flow.* Recently, the author has obtained such
solutions by using Kida’s method.” This Note shows the pro-
cedure for obtaining analytical solutions of the induced drag
of an elliptic wing in incompressible steady flow, based on
linearized theory. Furthermore, some numerical results are pre-
sented.

Formulation

Reference 5 gives the exact lifting-surface solution of the
elliptic wing shown in Fig. 1 using the acceleration potential.
This solution consists of two parts: one is the solution for the
wing of the geometrical parameter k, defined in Fig. 1, less
than unity, and the other is that for wing of larger than unity.
Only the former case is discussed here.

Far-Field Induced Drag Solution

The total induced drag D; acting on a wing surface is esti-
mated by the following relation:

D;= —pf F(x) - wix) dx ¢))

—-a

where p denotes the air density, I'(x) is the circulation distri-
bution, and w;(x) is the induced downwash velocity distribu-
tion on the wing surface by a planar wake over the wingspan.
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Table 1 Comparison of the total induced drag coefficient

Circular wing

Elliptic wing, AR = 10

Method ‘ C, cy C Ch ch
Present method 1.790 0.801 5.062 0.816 0.816
Extended lifting-line theory 1.830 e 5.151 0.845 —_—
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Fig. 1 Coordinates and notation of an elliptic wing.
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Fig. 2 Sectional induced drag distributions of a) circular and b)
elliptic wings.

The induced downwash velocity and the circulation are related
by the equation:

ar
o¢
- ¢

1 +a
wix) = “Erf " dé )

and the circulation I'(x) of the elliptic wing is expressed by’

I'tx) - X
~ = 2am’ 20 D.P,, <;) 3)

where U denotes the velocity of main flow, and P,, are the
Legendre functions of the first kind. The method for deter-

Fig. 3 Total suction force vs the reciprocal of k.

mining the coefficients D, is presented in Ref. 5. Substituting
Egs. (2) and (3) into Eq. (1) yields the total induced drag
coefficient:

P AT QO  © (4j — 1HD,D,
Tk EE,§=:4(m+j)(2m—2j+1) @

where the suffix F denotes the far field. The sectional induced
drag coefficient of the far-field method is given by®

E_ 2 2 (4 = DDwD,Pon (i‘) Onj1 (2) 5)

0 n=1 j=1

where c(x) is the local chord length expressed by
2b\V1 — x’/d’, and Q,;_, are the Legendre functions of the
second kind. It is noticed that the far-field calculation cannot

predict sectional induced drag exactly because of its physical
concept.

r dam
Cy=
di C(.x)

Near-Field Induced Drag Solution

The near-field induced drag requires the evaluation of the
streamwise leading-edge suction force X, which is given by
the following expression’:

= —pmC¥(O)cos B ©)

where C(8) is an unknown function and S is the angle shown
in Fig. 1. The function C(8) is determined by considering the
streamwise perturbation velocity u near the leading edge. This
velocity at point R on the segment OP in Fig. 1 is given by,
using Eq. (6) of Ref. 5,

u = TAB/NV1 — r* @)

where the reader may refer to Ref. 5 for the details of the
function A(6). Also, another expression for « at point S in Fig.
1 is given by’

u = C(8)cos BIVPS ®)

where PS = ab(1 — r)/\Va® sin*6 + b* cos®6. Since Egs. (7)
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and (8) should agree with each other in the limit when r ap-
proaches unity, the following result is obtained:

C(0) = w\Vbla(a® cos’0 + b* sin®6)"A(8)/cos 8  (9)

Once the function C(8) has been determined, the sectional suc-
tion force coefficient becomes

¢, = —m\Vcos?8 + k* sin*6A%(6)/2 cos® 0 (10)

and the total suction force coefficient is

"’\/'_2*4_2‘77 2 -
c, = _hzf cos® 6 + K Si0A0) yo "y
w2

- cos 6

Hence, the sectional induced drag coefficient is given by ¢ =
¢ — ¢, and the total induced drag coefficient by C3; = C,a
— Cs. The suffix N denotes the near field, ¢, is the sectional
lift coefficient, C; is the total lift coefficient, and « is the angle
of attack. The definite integral in Eq. (11) is evaluated nu-
merically, and the lift coefficients are calculated from Eq. (3).

Numerical Results

In numerical examples « is assumed to be 1 rad. Table 1
shows a comparison study of the total induced drag between
the present method and two kinds of lifting-line theories.? Two
lifting-line theories are unable to predict the near-field induced
drag. This result confirms the validity of the present analysis
because the agreement of two kinds of induced drags is good.
Figures 2a and 2b show the spanwise distributions of the sec-
tional induced drags by the present analysis for the cases of
Table 1. The sectional distributions of two methods are differ-
ent near the wingtip of even the large aspect ratio elliptic wing.

Figure 3 shows a comparison result of the total suction force
for various values of k. Even the extended lifting-line theory
will not estimate induced drag sufficiently at the values of k
above about 0.25, that is, of an aspect ratio below about 6.4.

Conclusions

This Note has presented analytical solutions for two kinds
of induced drag calculations describing circular and elliptic
wings in linearized incompressible steady flow using Kida’s
method. Good agreement between two kinds of induced drags
shows the validity of the present analysis. Moreover, it is
shown that the sectional distributions of two kinds of induced
drags are different in the case of even the large aspect ratio
elliptic wing. Those solutions will be useful in the examination
of numerical lifting-surface theories.
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Nomenclature

Cp = coefficient of drag

C, = coefficient of lift

Crmax = lift coefficient corresponding to stall angle of attack

Crpeax = lift coefficient corresponding to peak angle of
attack

C. = coefficient of pitching moment

¢ = mean aerodynamic chord, m

D = drag force, N

f = coefficient of friction

H = altitude, m

I, = Y-body axis moment of inertia, kg-m’

L = lift force, N

M = aircraft total moment, N-m

M, = aircraft aerodynamic moment, N-m

M, = moment generated by landing gears, N-m

m = aircraft mass, kg

Q = pitch rate, rad/s

g = dynamic pressure, N/m’

R, = normal reaction on the landing gears, N

S = wing planform area, m’

T = thrust force, N

1'% = calibrated airspeed, m/s

Vs = calibrated stalling speed, m/s

W = aircraft weight, N

X, = center of gravity

Xac = aerodynamic center

a = angle of attack, rad

o = maximum angle of attack, reached during the
maneuver, rad

oy = stall angle of attack, rad

v = flight-path angle, rad

8 = elevator deflection, rad

8. = leading-edge device deflection, rad

/) = pitch angle, rad

Qg = thrust vector angle, rad

Introduction

HE problem of change in aircraft performance because of

different configurations (malfunctioning of the control
system can leave trailing-edge flaps or leading-edge devices in
an inadequate position), as well as various flight conditions,
receives considerable theoretical and practical attention during
aircraft design, flight tests, and certification. The evaluation of
variations in stall characteristics and overall aircraft perfor-
mance because of an inadequate takeoff configuration is im-
portant from a safety standpoint. In the past, several accidents
(Northwest DC-9, Detroit' and Delta B-727, Dallas®) have
been associated with an improperly set takeoff configuration
(inadvertent flaps-up).

Existing Federal Aviation Regulations (FAR)® define stall
speed V; as a calibrated stalling speed or the minimum steady
flight speed, in knots, at which the aircraft is controllable, with
several conditions, specified in FAR §25.103. Stall margin can
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